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ABSTRACT
Primordial dark matter (DM) haloes are the smallest gravitationally bound DM struc-
tures from which the first stars, black holes, and galaxies form and grow in the early
universe. However, their structures are sensitive to the free streaming scale of DM,
which in turn depends on the nature of DM particles. In this work, we test the hypoth-
esis that the slope of the central cusps in primordial DM haloes near the free streaming
scale depends on the nature of merging process. By combining and analysing data from
a cosmological simulation with the cutoff in the small-scale matter power spectrum
as well as a suite of controlled, high-resolution simulations of binary mergers, we find
that (1) the primordial DM haloes form preferentially through major mergers in radial
orbits; (2) their central DM density profile is more susceptible to a merging process
compared to that of galaxy and cluster-size DM haloes; (3) consecutive major mergers
drive the central density slope to approach the universal form characterized by the
NFW profile, which is shown to be robust to the impacts of mergers and serves an
attractor solution for the density structure of DM haloes. Our work highlights the
importance of dynamical processes on the structure formation during the Dark Ages.
Key words: cosmology: dark matter – cosmology: dark ages, reionization, first stars
– methods: numerical
1 INTRODUCTION
In the hierarchical structure formation model, primordial
dark matter (DM) haloes are the smallest gravitationally
bound DM structure from which the first stars, black holes,
and galaxies form and grow in the early universe. These
small, ancient structures are potential targets for upcom-
ing observations with James Webb Space Telescope (JWST),
Giant Magellan Telescope (GMT), Thirty Meter Telescope
(TMT), and European Extremely Large Telescope (E-ELT)
(for a recent review, see e.g. Bromm & Yoshida 2011) and
hold promise to shed light on the structure formation in the
so-called Dark Ages.
However, the structure of primordial DM haloes are
sensitive to the free streaming scale of DM, which in turn
depends on the mass of DM particles. Below the free
streaming scale, formation of smaller scale structure is
suppressed and DM haloes form through direct gravita-
tional collapse instead of mergers of smaller objects. As
such, the structure of DM haloes near the free streaming
⋆ E-mail:ogiya@mpe.mpg.de
scale are likely very different from the DM haloes on larger
(e.g., galactic and galaxy cluster) scales. For example, DM
haloes near the free streaming scale have earlier formation
epochs and form denser cores than their more massive
counterparts. Primordial DM haloes are also expected to be
abundant and ubiquitous (e.g. Diemand, Moore & Stadel
2005), making them potential sources of the DM annihila-
tion signals (e.g., Berezinsky, Dokuchaev & Eroshenko
2003; Bringmann & Hofmann 2007;
Berezinsky, Dokuchaev & Eroshenko 2008, but see also
Springel et al. 2008b).
One of the leading candidates of cold dark mat-
ter (CDM), neutralino, is the lightest supersymmetric
particle with mass of order mχ ∼ 100GeV. This finite
streaming scale sets the lower mass limit of DM haloes
to be around the Earth mass (∼ M⊕ ∼ 10
−6M⊙) and
introduces the cutoff in the matter power spectrum below
the streaming scale (e.g., Green, Hofmann & Schwarz
2004, but see also Zybin, Vysotsky & Gurevich 1999;
Profumo, Sigurdson & Kamionkowski 2006; Bringmann
2009). At present, particle accelerator experiments
have placed a lower limit on the neutralino mass,
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mχ > 37GeV (Hagiwara et al. 2002), while its upper
limit is mχ . 500GeV from the cosmic matter density
measured by the Wilkinson Microwave Anisotropy Probe
(WMAP) (Ellis et al. 2003).
Numerous cosmological N-body simulations without
the cutoff in the small-scale matter power spectrum have
been carried out to investigate the density structure of DM
haloes on the scales in which the effects of the free stream-
ing damping is negligible. Navarro, Frenk & White (1997,
NFW) found that the density structure of CDM haloes is al-
most universal over a wide range of halo mass, from galactic
to cluster scales, and is well described by the NFW profile,
ρ(r) =
ρs
(r/rs)[1 + (r/rs)]2
, (1)
where r represents the distance from the centre of the halo
and ρs and rs are the scale density and length, respectively.
The concentration parameter of the DM haloes is defined as
the ratio between the virial radius, rvir, and the scale length,
rs, of haloes, c ≡ rvir/rs. Subsequent studies confirmed
the results of NFW and also showed deviations from the
universality (e.g. Fukushige & Makino 1997; Moore et al.
1999; Jing & Suto 2000). Recent work with higher resolu-
tions indicate that the Einasto profile (Einasto 1965) pro-
vides better fits to simulation results (Springel et al. 2008a;
Stadel et al. 2009; Navarro et al. 2010; Ishiyama et al. 2013;
Dutton & Maccio` 2014), especially in the central region
(r < 0.01rvir).
The structure of DM haloes in models with the cutoff
in the small-scale matter power spectrum has been more
controversial. Analytic work predicted that the truncated
power spectrum forms density cores in the centre of in-
dividual DM haloes (Williams, Babul & Dalcanton 2004;
Vin˜as, Salvador-Sole´ & Manrique 2012). However, cosmo-
logical N-body simulations with the cutoff in the small-
scale matter power spectrum obtained DM haloes whose
density structure is well fitted by the NFW profile (e.g.
Busha, Evrard & Adams 2007; Wang & White 2009). Re-
cent N-body simulations suggest that the dynamics and
evolution of DM haloes may play an important role in
determining the density structure of the primordial DM
haloes near the free streaming scale and found that the cen-
tral DM density cusps are steeper than the NFW profile,
i.e. ρ ∝ r−α (α > 1; Ishiyama, Makino & Ebisuzaki 2010;
Anderhalden & Diemand 2013). For example, Ishiyama
(2014, hereafter I14) and Angulo et al. (2016) showed
that the central density profiles become shallower through
mergers in DM haloes forming near the free stream-
ing scale. These results are in contrast to the re-
sults of dissipationless mergers of two isolated DM
haloes, which suggested strong preservation of their
initial density structure (Boylan-Kolchin & Ma 2004;
Kazantzidis, Zentner & Kravtsov 2006; Zemp et al. 2008).
Another potential candidate of DM includes warm dark
matter (WDM) which has larger free streaming scales than
the CDM. WDM is expected to have particle masses of or-
der 1 − 10keV, and the lower mass limit of WDM haloes
corresponds to that of dwarf galaxies with mass of about
108−9M⊙ (Bode, Ostriker & Turok 2001). A recently de-
tected unidentified emission line of E ≈ 3.55keV from M31
and galaxy clusters, for example, may be decay signals of a
kind of WDM candidates, sterile neutrino (Boyarsky et al.
2014; Bulbul et al. 2014). Although their free streaming
scales are quite different from that of CDM, there are some
similarities on the impacts of finite free streaming scale
on the structure of DM haloes (e.g. Maccio` et al. 2012;
Angulo, Hahn & Abel 2013; Shao et al. 2013; Lovell et al.
2014; Polisensky & Ricotti 2015), suggesting that the results
based on CDM with finite streaming scale may provide use-
ful insights into the structure formation processes in the
WDM models.
In this work, we investigate the dynamical impacts of
mergers on the density structure of primordial DM haloes
formed at the early stage of the structure formation. Fo-
cusing on the DM haloes near the free streaming scale, we
demonstrate the importance of a major merger in determin-
ing the structure of the primordial DM haloes. In particu-
lar, we highlight that the DM haloes near the free streaming
scale at redshift z = 32 have considerably smaller (c ∼ 2;
see Figure 8 of I14) concentration parameters than that
(c ∼ 10) of the galactic-size haloes (e.g. Bullock et al. 2001;
Prada et al. 2012). The evolution of the concentration pa-
rameter, especially near the free streaming scale, remains an
open question and has been a focus of recent studies (e.g.
Schneider 2015; Ludlow et al. 2016). The important update
of this paper therefore lies in exploration of the dynamical
impact of mergers on the structure of the DM haloes with
a smaller concentration parameter that have not been ex-
plored in the literature.
This paper is organized as follows. Section 2 studies the
properties of mergers between primordial DM haloes with
data from the cosmological simulations performed by I14.
We find that the slope of the density cusps in the centre
of primordial DM haloes formed through mergers are shal-
lower than those of haloes which have not experienced merg-
ers. Section 3 investigates the dynamical impacts of major
mergers on the structure of primordial DM haloes using a
suite of controlled N-body binary merger simulations. We
summarize and discuss the results in Section 4.
2 MERGERS IN THE COSMOLOGICAL
SIMULATIONS
In this Section, we study the properties of mergers between
primordial DM haloes extracted from a set of cosmologi-
cal simulations. The first set, the model A, is a smaller
volume version of one named A N4096L400 in I14, where
the sharp cutoff was imposed in the power spectrum by
the free streaming damping of DM particles with a mass
of 100 GeV and the corresponding mass scale of the small-
est DM haloes is ∼ 10−6M⊙ (Green, Hofmann & Schwarz
2004). The second set, the model B, is the cosmological sim-
ulation without the cutoff , and it is labelled B N2048L200
in I14. The simulations adopt the WMAP 7 cosmologi-
cal parameter set, Ω0 = 0.27, λ0 = 0.73, h = 0.7 and
σ8 = 0.8 (Komatsu et al. 2011), where the symbols have
their usual meaning. We simulate the motion of 20483 par-
ticles from z = 400 to z = 32 in a comoving box with
a side length of 200 pc using the massively parallelized
TreePM code, GreeM (Ishiyama, Fukushige & Makino 2009;
Ishiyama, Nitadori & Makino 2012). The Plummer soften-
ing length and mass resolution are 2 × 10−4pc and 3.4 ×
10−11M⊙, respectively. These values are the same as those
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used in I14 (40963 particles, 400pc). We refer readers to I14
for further details on the numerical simulations.
DM haloes are identified by using the ROCKSTAR
halo/subhalo finder (Behroozi, Wechsler & Wu 2013) from
11 snapshots output at z = 52, 50, 48, 46, 44, 42, 40, 38, 36, 34
and 32, and the gravitationally consistent merger tree has
been constructed (Behroozi et al. 2013). The orbital param-
eters of mergers are derived using the procedure described
in Wetzel (2011).
2.1 Parameters of mergers between primordial
DM haloes
Figure 1 shows the distribution of the parameters of merg-
ers in which the virial mass of primal DM haloes, Mvir,pri >
7.14 × 10−7M⊙, where we use virial mass and radius de-
fined by Bryan & Norman (1998) throughout this paper.
The resolvable mass scale of DM haloes determined by the
mass resolution of the simulation corresponds to the mass
of the smallest haloes in the model B (the case without the
cutoff). We therefore analyse the model B using two sets
of minimum subhalo masses with Msub,min = 7.14 × 10
−7
and 7.14 × 10−8M⊙. The latter would be more suitable
for the model B since there is no physical reason to intro-
duce the lower mass limit of DM haloes, while we adopt
Msub,min = 7.14 × 10
−7M⊙ for the model A.
The top panel shows the distribution of the orbital cir-
cularity, η ≡ L/Lc, defined as the ratio between the angu-
lar momentum, L, and that of the circular orbit, Lc. Al-
though there is a relatively wide range of η, we find that the
primordial DM haloes merge with more radial orbits (i.e.,
small circularities η) in the model A (red boxes, with cut-
off) than in the model B (black boxes, without cutoff). For
example, η = 0.3 (equivalently the orbital eccentricity of
e =
√
1− η2 = 0.95) is most common in the model A, while
η ∼ 0.5 is more common in the model B. Note that the dif-
ference between the two models becomes more pronounced
when we adopt Msub,min = 7.14× 10
−8M⊙ for the model B
(black dashed).
The middle panel depicts the distribution of R ≡
rapo/rvir, the ratio of the apocentre, rapo, and the virial
radius of the primal haloes, rvir. The majority of mergers
has apocentre of R ∼ 1 in the both models.
The bottom panel shows the distribution of the ra-
tio between virial masses of primal- and subhaloes, M ≡
Mvir,pri/Mvir,sub, showing that major mergers (M ∼ 1) are
more dominant in the model A compared to the model
B. Major mergers are also dominant in the model B for
Msub,min = 7.14 × 10
−7M⊙ (black solid), but minor merg-
ers (M ∼ 10) become more dominant for the case of
Msub,min = 7.14 × 10
−8M⊙ (black dashed).
Compared to the orbital parameters of galaxy or
cluster-size DM haloes which typically have the orbital circu-
larity of η = 0.5 (e.g. Khochfar & Burkert 2006; Jiang et al.
2008; Wetzel 2011), the primordial DM haloes merge with
more radial orbits in the model with a finite streaming scale,
as shown in the top panel of Figure 1. Interestingly, mergers
between primordial DM haloes with η ∼ 0.5 are typical in
the model B, similar to the results of galaxy and cluster-size
DM haloes formed during the late phase of the structure
formation.
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Figure 1. Distributions of the orbital circularity, η (top), apoc-
entre scaled by the virial radius of the primal haloes, R ≡
rapo/rvir (middle) and mass ratio between the primal- and sub-
haloes, M ≡ Mvir,pri/Mvir,sub (bottom). Mergers in which the
virial mass of the primal halo with Mvir,pri > 7.14 × 10
−7M⊙
are included in the analysis. Red and black lines represent the
results for the model A and B, respectively. The solid and dotted
lines correspond to the minimum subhalo masses of Msub,min =
7.14× 10−7 and 7.14× 10−8M⊙, respectively.
Wetzel (2011) showed that merging orbits become more
radial and plunge deeper into primal haloes at higher red-
shift and for primal haloes with higher mass, and proposed
a fitting formula of the distribution of orbital parameters
of mergers as a function of redshift, z, and mass of primal
haloes, Mpri. According to this formula, 40% of mergers of
DM haloes have apocentres of 0.3 6 R 6 3 for the case of
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Figure 2. Radial profile of the logarithmic density slope of pri-
mordial DM haloes in the model A, the case with the cutoff. The
radial bins are scaled by the virial radius of individual haloes.
Density structures are derived by stacking DM haloes which have
virial masses 1 × 10−6 6 Mvir/M⊙ 6 4 × 10
−6 at z = 32. Red
and blue lines represent primordial DM haloes which have not
and have experienced mergers by z = 32. Black line corresponds
to the prediction given by the fitting formula in Equation (2) of
I14.
Mpri = 10
12M⊙ at z = 0 (see also McCavana et al. 2012),
suggesting that R = 1 is typical for galaxy-sized DM haloes.
Since smaller haloes are more abundant on the scales
of galaxies or galaxy clusters, minor mergers occur more
frequently than major mergers. However, a larger fraction
of major mergers is expected for DM haloes near the free
streaming scale because of the absence of substructures. The
result shown in the bottom panel of Figure 1 is therefore
consistent with this expectation. The analysis of the model
B indicates that the fraction of minor mergers is dominant
even in the early phase of the structure formation for the
case without the cutoff.
2.2 Mergers and density structures of primordial
DM haloes
We test the hypothesis that the slope of the central cusps in
primordial DM haloes near the free streaming scale depends
on the nature of merging process. Figure 2 demonstrates the
logarithmic slope of the stacked density profile of primordial
DM haloes with virial masses 1 × 10−6 6 Mvir/M⊙ 6 4 ×
10−6 at z = 32. In order to make a sample set of DM haloes
which are bound and stable, we impose the condition, 0.05 6
K/|W | 6 0.95, where K and W are kinetic and potential
energies of each halo. The average virial mass of the sample
haloes is ∼ 1.5×10−6M⊙. Using the merger tree, we identify
mergers with Mvir,pri > Mvir,sub > 7.14 × 10
−7M⊙, where
Mvir,pri and Mvir,sub are the virial masses of the primal- and
subhaloes, respectively. Red and blue lines are the results for
primordial DM haloes which have not and have experienced
mergers by z = 32, respectively. Compared to the prediction
by I14 (indicated by the black line), we find that DM haloes
which have experienced no merger (at least one merger) have
steeper (shallower) cusps, suggesting that mergers play an
important role in making the inner density profile of the
primordial DM haloes shallower.
3 CONTROLLED SIMULATIONS
We study the dynamical impacts of mergers on primor-
dial DM haloes by performing and using a suite of high-
resolution, controlled N-body binary merger simulations.
3.1 Set up
Initial positions and velocities of particles in N-body
systems are determined by the method proposed by
Kazantzidis, Zentner & Kravtsov (2006). This generates N-
body systems in the equilibrium states. The density struc-
ture of DM haloes within the virial radius, rvir, initially fol-
lows
ρ(r) = ρin(r) =
ρs
(r/rs)α[1 + (r/rs)]β−α
(r 6 rvir), (2)
where α and β are the logarithmic slopes of the central den-
sity cusp and outskirt, respectively. We assume β = 3 and
c = 2 throughout this Section. The models with α = 1 cor-
respond to the NFW profile.
However, the mass profile of the models with β 6 3 di-
verges as r →∞. In order to ensure the finite mass of indi-
vidual systems, we adopt an exponentially decaying density
structure beyond rvir as
ρ(r) = ρin(rvir)
(
r
rvir
)κ
exp
(
−
r − rvir
rdecay
)
(r > rvir). (3)
The decaying radius, rdecay, controls the truncation of the
particle distribution and the sharpness of the transition of
the density structure. Requiring the logarithmic slope to be
continuous at r = rvir, a slope in Equation (3), κ, is given
by
κ = −
α+ βc
1 + c
+
rvir
rdecay
, (4)
where rdecay is determined by imposingM(< rvir) ≡Mvir =
FMtot, Mtot is the total mass of the system, and we adopt
F = 0.8 for all runs.
In order to study the dynamical impacts of major merg-
ers, we prepare the systems in the equilibrium states ini-
tially. We also assume that the velocity dispersion of the
systems is initially isotropic and that the phase-space distri-
bution function depends only on energy. In order to assess
the effects of artificial two-body relaxation and/or insuffi-
cient force resolutions, we follow the prescription outlined
in Power et al. (2003, P03) (see also Fukushige & Makino
2001). According to P03, simulation results are reasonable
when
Trelax(r) ≡
N(< r)
8 lnN(< r)
Td(r) > 0.6Tint (5)
is satisfied, where Trelax and Tint are the timescales of two-
body relaxation and integration time, respectively. The free-
fall time measured at r, Td(r), is defined as
Td(r) ≡
√
r3
GM(< r)
, (6)
where G is the Newton’s gravitational constant.
P03 also showed that the resolvable range of the system
satisfies the condition,
achar > aexp(r) =
GM(< r)
r2
, (7)
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Figure 3. Stability tests of isolated N-body systems and required force resolutions. The radial bins are scaled by the virial radius of
each system. Left, center and right panels show the results for the models of α = 1.0 (NFW), 1.5 and 2.0. Red, blue and magenta lines
correspond to the cases of A = 1, 2 and 4, respectively. 16,777,216 particles are employed in each run. Descriptions of panels in respective
rows: (1st row) Black lines show the two-body relaxation time normalized by the free-fall time measured at rvir, Td(rvir). Thin and thick
green lines correspond to Tint = 1 and 10Td(rvir), respectively. (2nd row) Black lines represent the expected gravitational acceleration
normalized by G, M(< r)/r2. Colored lines show the characteristic acceleration defined by Equation (8). (3rd row) Density profiles of
isolated N-body systems. Black lines are the initial conditions. Colored thin and thick lines represent snapshots at t = 1 and 10Td(rvir).
(4th row) Profiles of velocity dispersion. Each line expresses the same snapshot as shown in the third row.
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where the characteristic resolvable acceleration, achar, is de-
fined as
achar ≡
χGMvir
rvirǫ
, (8)
where ǫ is the softening parameter. They empirically ob-
tained χ = 0.5. P03 proposed an expression to determine the
optimal softening parameter for systems with given numbers
of particles within the virial radius, N(< rvir),
ǫ =
Arvir√
N(< rvir)
. (9)
To ensure the features of collisionless systems, A must be
equal or greater than unity. P03 found that A = 4 pro-
vides sufficient force resolutions and minimized numbers of
timesteps for haloes in cosmological simulations without the
cutoff in the power spectrum, i.e. NFW haloes (α = 1.0).
However, haloes with steeper cusps (α > 1.0) may require
higher force resolutions (1 6 A < 4) because of the stronger
gravitational acceleration in their central region.
Figure 3 shows the stability tests and required force
resolutions for models with α = 1.0 (left), α = 1.5 (middle)
and α = 2.0 (right). In this figure, we simulate the dynam-
ical evolution of isolated N-body systems for varying force
resolution parameters, A = 1 (red), 2 (blue) and 4 (ma-
genta). The effects of two-body relaxation can be ignored in
the range where (5/3)Trelax(r) > Tint is satisfied, indicated
by the radial range where black lines are above green lines
in the panels of the first row. In this region, the systems
should retain the initial configurations when the force reso-
lution is sufficient. Panels in the first row also indicate that
the effects of two-body relaxation are negligible, suggesting
that our simulation results are trustable at r > 0.01rvir at
Tint = 10Td(rvir). Panels in the second row compare the
expected acceleration, aexp(r), with the characteristic accel-
eration, achar(A), and show that A = 4 provides a sufficient
force resolution for systems characterized by the NFW pro-
file (α = 1.0) as shown by P03. Models with a very steep
cusp (α = 2.0), on the other hand, require higher force
resolutions in the centre of the system. The panels in the
third and fourth rows demonstrate that systems retain their
initial configuration and the results are reasonable in the
range where both the conditions for the two-body relaxation
timescale and force resolution are satisfied as expected. In
the regions with insufficient force resolutions, artificial den-
sity cores have formed, and the velocity dispersion profiles
deviate from the initial condition in a short time (see blue
and magenta thin lines in the density and velocity disper-
sion profiles of N-body systems with α = 2.0). We therefore
only show the trustable radial range (r > 0.01rvir) and adopt
A = 4 for models of α = 1.0 and A = 1 for models of α = 1.5
and 2.0 in the following parts of this Section.
Next, we simulate gas-less binary mergers between two
identical N-body systems with high resolutions. Each DM
halo is represented by N particles. Since the two systems
have the same mass, all particles have equal masses in each
simulation and the total number of particles is Ntot = 2N in
merger simulations. Two DM haloes are initially located at
the apocentre of the relative orbit separated by a distance
d = Drvir, where the dimensionless parameter, D, controls
the separation between the centres of the two systems. The
relative velocity is Vini = ηVc(d) = η[GM(< d)/d]
1/2, where
10-8
10-6
10-4
10-2
100
102
0.01 0.1 1
ρ(r
)
α=1.0
10-8
10-6
10-4
10-2
100
102
0.01 0.1 1
ρ(r
)
α=1.5
10-8
10-6
10-4
10-2
100
102
0.01 0.1 1
ρ(r
)
r / rvir
α=2.0
Figure 4. Spherically averaged density profile of the merged
haloes, ρ(r), in runs with η = 0.5 and D=1.0. The radial bins
are scaled by the virial radius of the merger progenitors, rvir.
Top, middle and bottom panels show the results for the models of
α = 1.0, 1.5 and 2.0. Thick and thin red lines represent the merger
remnant at t = 5 and 10Td(rvir), respectively. The merged haloes
have reached the quasi-equilibrium state. Green lines express the
initial state of the merger progenitor. Black dashed lines are the
snapshot at t = 10Td(rvir) in iso-runs and test the stability of the
progenitors. The density values of green and black dashed lines
are doubled.
M(< d) is the mass of a merger progenitor enclosed in d. The
orbit is confined on the XY plane by assuming the merger
of two systems with extended mass distributions as one be-
tween two point masses. The centre of the systems at given
time is defined as the point of the potential minimum.
Simulations are performed with the tree code
(Barnes & Hut 1986) which adopts the second-order Runge-
Kutta scheme in time integration and designed for graphic
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Figure 5. Enhancement in the radial density profile, [ρ(r)−ρ0(r)]/ρ0(r) (upper panels) and the logarithmic slope of the density profile,
d lnρ(r)/d ln r (lower panels), in runs with η = 0.5 and D=1.0, where ρ0(r) is the analytical expression of the radial density profile of
the progenitor. The radial bins are scaled by the virial radius of the merger progenitors, rvir. Left, middle and right panels show the
results for the models of α = 1.0, 1.5 and 2.0. Thin and thick red lines represent the merger remnants in nr-runs at t = 5 and 10Td(rvir),
respectively. Merger remnants have reached the quasi-equilibrium states. Black solid lines depict the results of hr-runs at t = 10Td(rvir).
Results are numerically converged. Blue and magenta lines show the contributions from each progenitor. Green lines are the initial state
of the progenitor. Black dashed lines are the snapshot at t = 10Td in iso-runs and express the stability of the progenitors.
processing unit (GPU) clusters. The division of roles be-
tween CPU cores and GPU cards follows Nakasato (2011).
CPU cores construct oct-tree structures of particles and
GPU cards calculate gravitational acceleration through
traversing the tree structures (Ogiya et al. 2013). The open-
ing angle of the tree algorithm is set to be θ = 0.6 in all runs.
3.2 Dependence on the internal structure
Using the setup described in Section 3.1, we first investigate
the dependence of the dynamical impacts of major mergers
on the internal structure of progenitors by performing and
analyzing a set of simulations in which we vary the central
density slope, α. Table 1 presents the parameters of these
runs.
Figure 4 shows the spherically averaged density pro-
files of remnant DM haloes after major mergers. The den-
sity in iso-runs (green and black dashed lines) is doubled.
These lines represent the stability of the system at r 6
rvir. The merger remnants (red lines) have a higher cen-
tral concentration and more extended envelope than their
progenitors as shown by early studies (e.g. White 1978;
Boylan-Kolchin & Ma 2004).
The upper panels of Figure 5 show the ratio of the den-
sity profile of the merger remnants to the initial density pro-
files of their progenitors. The peaks of the density enhance-
ment occur around 0.4rvir, while keeping the density around
rvir unchanged. In the major merger between DM haloes
with α = 1.0 (upper left panel), the mass density increases
by more than a factor of 2 at r < 0.6rvir. In the cases of
DM haloes with steeper central cusps with α > 1.5, the cen-
Table 1. Summary of controlled simulation runs to test the sta-
bility of N-body systems (iso-runs) and the dependence on the
internal structure of merger progenitors (nr- or hr-runs). Descrip-
tion of columns: (1) Name of simulation runs. Runs labeled ‘iso’
simulate the isolated systems to test their stability. Runs labeled
‘nr’ or ‘hr’ are merger simulations with normal or higher resolu-
tions. (2) Initial logarithmic slope of the central density cusp, α.
(3) Orbital circularity, η, defined as the ratio between the angular
momentum, L, and that of the circular orbit, Lc, i.e. η ≡ L/Lc.
(4) Parameter to determine the initial separation between the
centres of two systems, D. The initial separation, d, is given by
d = Drvir. (5) Number of particles in each system, N . Total
number of particles, Ntot, is 2N in nr- or hr-runs. In iso-runs,
Ntot = N .
Run α η D N
(1) (2) (3) (4) (5)
a1.0-iso 1.0 - - 16,777,216
a1.0-nr 1.0 0.5 1.0 16,777,216
a1.0-hr 1.0 0.5 1.0 104,857,600
a1.5-iso 1.5 - - 16,777,216
a1.5-nr 1.5 0.5 1.0 16,777,216
a1.5-hr 1.5 0.5 1.0 104,857,600
a2.0-iso 2.0 - - 16,777,216
a2.0-nr 2.0 0.5 1.0 16,777,216
a2.0-hr 2.0 0.5 1.0 104,857,600
tral density at r < 0.1rvir increases by ∼ 50% (see the upper
middle and right panels). The logarithmic slope of the radial
density profile, d ln ρ(r)/d ln r, becomes larger in the centre
of haloes (i.e. shallowing cusps) through a major merger be-
cause the amount of the density enhancement around the
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Figure 6. Radial profile of the pseudo virial ratio defined by
σ2(r)/|Φ(r)|, where σ(r) and Φ(r) mean the radial profiles of
three-dimensional velocity dispersion and gravitational potential.
The radial bins are scaled by the virial radius of the systems,
rvir. Red, blue and magenta lines represent the initial state of the
progenitors with α = 1.0, 1.5 and 2.0, respectively.
centre is smaller than that in the outskirts (lower panels).
Since DM haloes with steeper central cusps (α > 1.5) ex-
hibit the stronger radial dependence in the efficiency of the
density enhancement, there are larger changes in the loga-
rithmic slope compared to those with shallower central cusp
(e.g., α = 1.0).
To gain insights into the physical picture, Figure
6 shows the radial profiles of the pseudo virial ratio,
σ2(r)/|Φ(r)|, where σ(r) and Φ(r) are the radial profiles of
three-dimensional velocity dispersion and gravitational po-
tential, respectively. Figure 6 depicts that the central part
of DM haloes with steeper cusps are dynamically hotter, i.e.
higher pseudo virial ratio than that of DM haloes with shal-
lower cusps. Major mergers lead to significant changes in
the gravitational potential and particles exchange their en-
ergy through the process of violent relaxation (Lynden-Bell
1967). In the mergers between DM haloes with α = 1.5 or
2.0, some particles around the centre of the original haloes
gain sufficient energy to escape from their centre (see blue
and magenta lines in the upper middle and right panels of
Figure 5) and suppress the growth of mass density through
mergers, while these effects are less efficient in the mergers
between DM haloes with α = 1.0 because the central part
of the progenitor haloes is dynamically cold.
We find that the density enhancement profiles shown
in Figure 5 arises from the quasi-stable wave structures.
Figure 7 illustrates the enhancement in the column den-
sity field projected on the XY-plane. Symmetrical struc-
tures are present in all cases. They are also rotating because
of the angular momentum transported from the initial rel-
ative orbit and are quasi-stable (i.e., measurable at least
for 5Td(rvir)). The direction of the significant density en-
hancement is determined by that of the collision between
the progenitors. In the most violent phase of the merger
process, particles are strongly accelerated in the direction of
the merger axis, causing orbits of a large fraction of particles
to expand and thereby creating the peak of the density en-
hancement around 0.4rvir. In addition, spherically expand-
ing shells appear in the inner side of the symmetrical den-
sity enhancements. During the process of violent relaxation,
α=1.0
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Figure 7. Distribution of the enhancement in the column density
of the merger remnants in hr-runs. The snapshots at 10Td(rvir)
are shown. The color bar represents the enhancement in the col-
umn density, [Σ−Σ0]/Σ0, where Σ0 is the initial column density
of the progenitor at given position. Spatial coordinates are scaled
by the virial radius of the merger progenitor, rvir.
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Table 2. Summary of controlled simulation runs to study the
dependence on the orbital parameters of mergers. The meaning
of symbols is described in Table 1.
Run α η D N
(1) (2) (3) (4) (5)
a1.5-h0.1 1.5 0.1 1.0 16,777,216
a1.5-h0.3 1.5 0.3 1.0 16,777,216
a1.5-h0.7 1.5 0.7 1.0 16,777,216
a1.5-h0.9 1.5 0.9 1.0 16,777,216
a1.5-d0.5 1.5 0.5 0.5 16,777,216
a1.5-d2.0 1.5 0.5 2.0 16,777,216
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Figure 8. Same as Figure 5, but examining the dependence on
orbital circularity, η. Red, green, blue, magenta and cyan lines are
the merger remnants in runs named a1.5-h0.1, a1.5-h0.3, a1.5-nr,
a1.5-h0.7 and a1.5-h0.9, respectively. Thin and thick lines repre-
sent snapshots at t = 5 and 10Td(rvir). Black dashed line is the
snapshot at t = 10Td(rvir) in the a1.5-iso run.
a fraction of particles escapes from the centre and creates
the waves around the centre in the radial profile of the den-
sity enhancement (see r < 0.2rvir in the upper right panel
of Figure 5). Such structures are more pronounced in the
mergers between DM haloes with steeper cusps which are
dynamically hotter than others as illustrated in Figure 6.
3.3 Dependence on the orbital parameters
As illustrated in the top (middle) panel of Figure 1, the
cosmological simulation with the cutoff in the small-scale
matter power spectrum predicts a relatively wide range of
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Figure 9. Same as Figure 5, but examining the dependence on
the initial separation between two merger progenitors, d = Drvir,
where the dimensionless parameter, D, controls the separation
size and rvir is the virial radius of the progenitors. Red, blue and
magenta lines are the merger remnants in runs named a1.5-d0.5,
a1.5-nr and a1.5-d2.0, respectively. Thin and thick lines repre-
sent snapshots at t = 5 and 10Td(rvir). Black dashed line is the
snapshot at t = 10Td(rvir) in the a1.5-iso run.
orbital circularity, η (apocentre, rapo). To examine the de-
pendences of the density enhancement and logarithmic den-
sity slope on orbital parameters, we perform controlled sim-
ulations described in Table 2 in which we vary the orbital
circularity, η, and the initial separation between the merger
progenitors, d = Drvir.
Figure 8 shows that the density enhancement (upper
panel) and logarithmic density slope (lower panel) around
the centre of the merger remnants do not depend sensitively
on η. In the mergers with high η (η > 0.7), the peak of the
density enhancement occurs at the larger halo radii and the
amplitude of the peak is less than those in lower η cases.
In these high η cases, the larger amounts of orbital energy
and angular momentum are transported to the merger rem-
nant and makes it more spatially extended. The density en-
hancements of the merging orbits with η 6 0.5, which are
common in the cosmological simulation, are almost identi-
cal. Since the differences between the density enhancements
in the centre and outskirts do not strongly depend on η,
the merger remnants have similar profiles of the logarithmic
density slope.
The upper panel of Figure 9 shows the density enhance-
ment. In the case of low D value (D = 0.5; red line), the
fluctuations in the gravitational potential caused by the ma-
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Table 3. Model application to the results of I14. Description of
columns: (1) Radius scaled by the virial radius of DM haloes with
2× 10−6M⊙, rvir,6. (2) Density of DM haloes with 2× 10
−6M⊙
measured at r (from I14). (3) Radius scaled by the virial radius
of DM haloes with 5× 10−5M⊙, rvir,5. (4) Density of DM haloes
with 5×10−5M⊙ measured at r (from I14). (5) Model prediction
for the density of DM haloes with 5 × 10−5M⊙ measured at r.
The density is given in the unit of M⊙pc−3.
r/rvir,6 ρI14,6(r) r/rvir,5 ρI14,5(r) ρmodel,5(r)
(1) (2) (3) (4) (5)
0.06 ∼ 10 0.02 ∼ 60 50 - 75
0.9 ∼ 0.1 0.3 ∼ 1 1.6 - 3.2
jor merger is smaller than those in the cases with higher D
value. This is because the amounts of transported orbital
energy and angular momentum from the initial relative or-
bit are smaller. As a result, most of the particles around the
centre of the haloes do not gain sufficient energy to escape
from the central part, causing the density peak to occur at
the smaller radii while enhancing the amplitude of the den-
sity enhancement compared to the standard case (D = 1.0;
blue line). The merger with high D (D = 2.0; magenta line),
on the other hand, transports the larger amounts of orbital
energy and angular momentum to the merger remnants com-
pared to the cases with smaller D. The merger remnant is
therefore more spatially extended, causing the peak of the
density enhancement to move toward larger halo radii while
reducing the amplitude of the density enhancement com-
pared to the standard case. These results suggest that the
density enhancement around the centre of the merger rem-
nants depends on the initial separation between two merger
progenitors.
The lower panel of Figure 9 demonstrates that the pro-
file of the logarithmic slope depends on D at r/rvir > 0.03
reflecting the difference in the density enhancement, but the
slope in the central region (r/rvir 6 0.03) is almost indepen-
dent of D, interestingly.
3.4 Impacts of consecutive major mergers
Based on the insights gained from these simulations, we de-
velop a simple model to describe the formation of DM haloes
with 5× 10−5M⊙ shown in Figure 3 of I14.
1 First, we sup-
pose that the density of DM haloes increases by 50% at
r 6 0.1rvir and doubles at r > 0.1rvir through a major
merger. This assumption is approximately consistent with
the results of our controlled simulations for the models of
α = 1.5. Assuming that DM haloes increase their mass only
through major mergers, the mass growth by a factor of 25
requires about 4-5 major mergers. Since rvir ∝ M
1/3
vir , the
mass growth by a factor of 25 causes the increase in the
virial radius, rvir, by a factor of ∼ 3. Table 3 represents the
results of this simple model, which can explain the evolution
1 The upper panels of Figure 3 in I14 demonstrate the density
profiles of primordial DM haloes with 2 × 10−6M⊙ (left panel)
and with 5 × 10−5M⊙ (right panel), while the lower left panel
illustrates that the logarithmic slope of the density profile of DM
haloes with 2× 10−6M⊙ is |d ln ρ/d ln r| ≈ 1.5 around the centre.
Table 4. Summary of controlled simulation runs to study the dy-
namical impacts of consecutive mergers. The meaning of symbols
is described in Table 1.
Run α η D N
(1) (2) (3) (4) (5)
a1.0-2nd 1.0 0.5 1.0 33,554,432
a1.0-3rd 1.0 0.5 1.0 67,108,864
a1.0-4th 1.0 0.5 1.0 134,217,728
a1.5-2nd 1.5 0.5 1.0 33,554,432
a1.5-3rd 1.5 0.5 1.0 67,108,864
a1.5-4th 1.5 0.5 1.0 134,217,728
of the density structures of the primordial DM haloes in the
cosmological simulations.
A recent work by Angulo et al. (2016) investigated the
formation and evolution of DM haloes near the free stream-
ing scale of the CDM using simulations analogous to ours
and obtained consistent results: i.e., primordial DM haloes
first emerge with steeper central cusps than that of the NFW
profile and the cusps become shallower through major merg-
ers. They also demonstrated that the density structure of
DM haloes is well-described by the NFW profile on aver-
age when their virial mass reaches a few percent of the so-
lar mass, consistent with the prediction of I14. Such DM
haloes should have experienced multiple repeated mergers.
But, the central density cusp of individual DM halos can
deviate from the NFW profile depending on the details of
mass accretion histories and merger parameters. Our simu-
lations, for example, suggest the possibility of emerging the
density profile with the shallower cusp as well (see the left
panels of Figure 5). Mixing in the phase-space by violent
changes in the gravitational potential during major mergers
likely plays an important role in the emergence of the NFW
profile or ones with shallower cusps as indicated by analytic
studies (e.g. Taylor & Navarro 2001; Pontzen & Governato
2013).
The above prediction and suggestion highlight the im-
portance of consecutive major mergers on the dynamical
evolution of the central density structure of primordial DM
haloes. To study the dynamical impacts of consecutive merg-
ers, we perform additional controlled simulations (see Ta-
ble 4 for a summary). In the simulations of the second
merger labeled ‘2nd’, the merger remnant of the snapshot at
t = 5Td(rvir) in the runs labeled ‘nr’ merges with the copied
identical one. The parameters of the initial relative orbit
are η = 0.5 and D = 1.0. We assume that the virial mass
of the DM halo, Mvir, doubles through a major merger and
the virial radius, rvir, grows with the relation, rvir ∝ M
1/3
vir .
Following the setup of the simulation of the first merger (la-
beled ‘nr’), 80% of the total mass is expected to be contained
in the virial radius of the product after the merger. Equa-
tion (9) determines the softening length, ǫ, with the control
parameter, A = 4 (for models with α = 1.0) and 1 (for mod-
els with α = 1.5). In the simulations of the third (labeled
‘3rd’) and fourth (labeled ‘4th’) mergers, the remnant of the
previous merger simulation and the copied identical one are
collided in the same way.
The upper panel of Figure 10 illustrates the density
profiles of the products of consecutive mergers in which the
original progenitors are characterized by the model with the
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Figure 10. Density profiles (upper panel) and logarithmic den-
sity slope (lower panel) of the merger remnants of progenitors
with the central density slope of α = 1.5. Red, green, blue and
magenta lines are the remnants of the first (a1.5-nr), second (a1.5-
2nd), third (a1.5-3rd) and fourth (a1.5-4th) major mergers, re-
spectively. Thin and thick lines represent snapshots at t = 5 and
10Td(rvir). Black dashed line is the snapshot at t = 10Td(rvir) in
the a1.5-iso run. Radial bins are scaled by the virial radius of the
merger progenitors, rvir, in each run.
central density slope of α = 1.5 (see Equation 2). These
consecutive merger simulations show that the shape of the
density profile changes through mergers because of the ra-
dial dependence in the efficiency of the density enhancement
(see Figure 5). The lower panel depicts that the logarithmic
density slope becomes higher in the centre, i.e. shallowing
the central cusp, in each merging event. After the fourth
merger, the slope reaches approximately −1.2 at the cen-
tre. Assuming that the virial mass of the progenitors in the
first merger is 7.14 × 10−7M⊙, the inner slope is expected
to be -1.47 based on the empirical law for the logarithmic
central density slope provided by Equation 2 in I14. The
predicted median value of the inner slope of primordial DM
haloes with 16 times larger virial mass, -1.33, is steeper than
the result of the controlled simulations, -1.2, but it is in the
range of 25-75% (see Figure 7 of I14).
Figure 11 shows the density profiles (upper panel) and
their logarithmic density slope profiles (lower panel) of the
products of consecutive mergers where the original progeni-
tors were given by the NFW profiles with the central density
slope of α = 1.0. We find that the central cusp becomes shal-
lower in each merger, similar to the case of the model with
α = 1.5. While the density enhancement is larger for the
NFW profile, its central density slope is less susceptible to
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Figure 11. Same as Figure 10, but for the central density slope
α = 1.0 for the progenitors. Red, green, blue and magenta lines
are the remnants of the first (a1.0-nr), second (a1.0-2nd), third
(a1.0-3rd) and fourth (a1.0-4th) major mergers, respectively.
the impact of major mergers because the density enhance-
ment is more uniform (i.e., less radial dependent) in the cen-
tral regions (r < 0.2rvir). Our results suggest that, although
the density enhancement is still significant and hence not
in quasi-final state, the slope of the NFW profile is more
resilient to the impact of major mergers.
These simulation results support the idea that the NFW
profile could be an attractor solution of the density struc-
ture of DM haloes (e.g. Gao et al. 2004). Cosmological sim-
ulations with the cutoff in the small-scale matter power
spectrum predict that DM haloes near the free streaming
scale first emerge with steeper central cusps than the NFW
profile. The dynamical impacts of repeated major mergers
make the steep central density cusps shallower (as shown
in Figure 10) and drive the central density slope to ap-
proach the universal form characterized by the NFW profile.
Since the lower mass limit of DM haloes is expected to be
around 10−6M⊙ for the DM particle mass of 100 GeV, DM
haloes should have experienced the growth by 104 times in
their mass, which corresponds to approximately 13-14 major
mergers. Once reaching the NFW profile, the central density
slope becomes highly resilient to the impacts of mergers (as
shown in Figure 11).
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4 SUMMARY AND DISCUSSION
Upcoming observations may detect the extremely ancient
structures, such as the first stars, black holes, and galax-
ies, forming in primordial DM haloes in the early universe.
Primordial DM haloes are also possible sites of DM annihila-
tions because of their high density and abundance. However,
the structure of the primordial DM haloes are sensitive to
the free streaming scales of DM particles. In this work, we
analyse the data from the cosmological simulations of pri-
mordial DM haloes performed in I14 in order to characterize
the role of merger parameters on the structure and evolu-
tion of the primordial DM haloes. We will then use a suite
of controlled, high-resolution N-body simulations to under-
stand dynamical processes that govern the evolution of the
density structure in the primordial DM haloes. Our main
findings are summarized below.
(i) We test the hypothesis of Ishiyama (2014, I14) that
the central cusps contained in primordial DM haloes be-
come shallower through mergers by analysing the data from
the cosmological simulation with the cutoff in the power
spectrum performed in I14 and find that the density cusps
contained in the centre of primordial DM haloes which ex-
perienced mergers are shallower than those of DM haloes
which have not experienced mergers. We also find that pri-
mordial DM haloes near the free streaming scale have more
radial merger orbits and the fraction of major mergers is
higher compared with DM haloes in cosmological simula-
tions without the cutoff.
(ii) By analysing a suite of idealized collisionless binary
merger simulations, we find that the dynamical impacts de-
pend on the slope of the cusps contained in merger pro-
genitors. For example, the central density does not double
through a major merger between DM haloes with very steep
cusps (α > 1.5) like ones contained in primordial DM haloes
near the free streaming scale, while major mergers between
DM haloes which initially follow the NFW profiles (α = 1.0),
like galaxy-sized DM haloes, double the central density.
(iii) We show that mergers between two DM haloes lead
to the process of violent relaxation and to the strong ac-
celerations in the direction of the collision between the two
haloes. A part of DM particles near their centre escapes
from their potential well and creates a significant symmet-
rical density enhancement in all simulation runs. Moreover,
in DM haloes with very steep density cusps (α > 1.5), some
fraction of DM particles also escapes from the centre isotrop-
ically, because these systems are dynamically hotter than
ones with shallower cusps in the central region.
(iv) Results of our simulations provide new insights into
the role of dynamical processes that shape the central cusps
of primordial DM haloes. While the density in the outer re-
gions almost doubles in all equal mass mergers, the enhance-
ment in the central density is smaller in a major merger be-
tween DM haloes with steeper cusps compared to that of the
shallower NFW profile. These results suggest the slope of the
density cusp in the primordial DM haloes becomes shallower
through repeated major mergers in the early universe.
(v) We developed a simple model to describe the evolu-
tion of DM haloes through a series of consecutive major
mergers and tested the validity of such a model using a
series of controlled simulations of multiple major mergers.
Both of our simple estimation and controlled simulations
show that consecutive major mergers between DM haloes
near the free streaming scale reproduce the density struc-
ture of DM haloes with larger virial masses. The slope of
the central density cusps of DM haloes becomes shallower
in each merger, indicating that the central density structure
depends on the dynamical processes of major mergers, such
as violent relaxation and phase-space mixing.
(vi) We find that the central density slope of the NFW
profile is more resilient to the dynamical impacts of consec-
utive major mergers compared to ones with steeper cusps
because the density enhancement is more uniform within
the virialized region of DM halos. This lends support to the
idea that the NFW profile could be an attractor solution.
Our work shed new insights into the impact of major merg-
ers on the structure of DM halos as well as the prevalence
of the universal form of DM density structure on all cosmo-
logical scales.
(vii) We emphasize that the structural parameters of
merger progenitors adopted in our controlled simulations
are quite different from those in previous studies and lead
to different conclusions. Most of previous such studies have
focused on the impact of mergers on the galactic-size DM
haloes with relatively higher concentration (c ∼ 10) and the
NFW profile which corresponds to the model of α = 1.0 (see
Equations 1 and 2). These works have concluded that the
slope of the steepest cusps is well-preserved through gas-
less mergers, and mergers do not significantly modify the
inner structure of DM haloes. Our present work, on the
other hand, focuses on primordial DM haloes with a con-
siderably smaller concentration parameter, c = 2, and finds
that major mergers plays a significant role in determining
their central density structure.
Our work highlights the importance of studying the dy-
namical impacts of mergers on DM haloes with the low con-
centration parameter, which has not been studied in the lit-
erature. Future work should focus on the role of finite DM
streaming scale on the formation and evolution of first stars,
black holes, and galaxies using cosmological hydrodynami-
cal simulations. Such work should shed light on the structure
formation during the Dark Ages and provide necessary theo-
retical support for interpreting upcoming observations with
JWST, GMT, TMT, and E-ELT.
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